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$t\geq 0$ 5 $t$
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$S(t)$ : (susceptible population)
$I_{1}(t)$ : $\square$ (classical infectious population)
$R(t)$ : (recovered population)
$\int_{0}^{\infty}V(t,\tau)d\tau$ : (vaccinated population)
$I_{2}(t)$ : subclinical (subclinical infectious population)
subclinical infection
$\tau\geq 0$ $\tau$
$\int_{\tau_{1}}^{\tau_{2}}V(t, \tau)d\tau$ $t$ ( ) $[\tau_{1} , \tau_{2}]$
$\tau$ $\int_{0}^{\infty}V(t, \tau)d\tau$
$\lambda(t)=\beta_{1}I_{1}(t)+\beta_{2}I_{2}(t)$ , (2.la)
$\frac{d}{dt}S(t)=\mu(1-p)-\lambda(t)S(t)-\mu S(t)$ , (2.lb)
$\frac{d}{dt}I_{1}(t)=\lambda(t)S(t)-(\gamma_{1}+\mu)I_{1}(t)$ , (2.lc)
$\frac{d}{dt}R(t)=\mu p\theta+\gamma_{1}I_{1}(t)+\gamma_{2}I_{2}(t)-\mu R(t)$ , (2.ld)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})V(t, \tau)=-\lambda(t)k(\tau)V(t, \tau)-\mu V(t, \tau)$, (2.le)
$V(t, 0)= \mu p(1-\theta)+w\lambda(t)\int_{0}^{\infty}k(\tau)V(t, \tau)d\tau$, (2.lf)
$\frac{d}{dt}I_{2}(t)=(1-w)\lambda(t)\int_{0}^{\infty}k(\tau)V(t, \tau)d\tau-(\gamma_{2}+\mu)I_{2}(t)$, (2.lg)
$S(0)=S_{0},$ $I_{1}(0)=I_{1,0},$ $R(0)=R_{0},$ $V(0,\tau)=V_{0}(\tau),$ $I_{2}(0)=I_{2,0}$ , (2.lh)
$1=N_{0};=S_{0}+I_{1,0}+R_{0}+ \int_{0}^{\infty}V_{0}(\tau)d\tau+I_{2,0}$ . (2.li)
1
( $k(\tau),$ $w$ ). $\beta_{1},$ $\beta_{2}$ 1
subcinical 1 (
) $\lambda(t)=\beta_{1}I_{1}(t)+\beta_{2}I_{2}(t)$ 1 (
) $\lambda(t)S(t)$ $t$ ( )
$S(t)$ $I_{1}(t)$ $\mu>0$ $0\leq p\leq 1$
$0\leq\theta\leq 1$ ( $\square R$
$)$ $\mu(1-p),$ $\mu p\theta,$ $\mu p(1-\theta)$ $S(t),R(t),$ $V(t, 0)$
$\gamma_{1},\gamma_{2}>0$ $I_{1},$ $I_{2}$
(subclinical infection $\gamma_{1}<\gamma_{2}$ ).
$I_{1},$ $I_{2}$ $R$
subclinical infection $k(\tau),$ $w$ $k(\tau)\geq 0$
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“ ” $\tau$ $\lambda(t)k(\tau)V(t, \tau)$




” ( $=$ “ ”) 2
subclinical infection $0\leq w\leq 1$
$0\leq 1-w\leq 1$ subclinical infection
$w \lambda(t)\int_{0}^{\infty}k(\tau)V(t, \tau)d\tau$ $( I-w)\lambda(t)\int_{0}^{\infty}k(\tau)V(t, \tau)d\tau$ subclinical infection
$\tau$
$w \lambda(t)\int_{0}^{\infty}k(\tau)V(t, \tau)d\tau$ $V(t, 0)$ ( $\tau$
) $(\tau=0)$
$t\geq 0$ $N(t)=1$
$R(t)=1-S(t)-I_{1}(t)- \int_{0}^{\infty}V(t, \tau)d\tau-I_{2}(t)$ (2.1)
$S(t),$ $I_{1}$ $(t),$ $V(t, \tau),$ $I_{2}(t)$
2.2 (well-posedness)
(2.1) $V(t, 0)$ $\lambda(t)$
$t\geq 0$ (
Iannelli [4], Inaba [5] ). ) well-posed
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33.1
(DFSS :Disease-Free Steady State)
(ESS :Endemic Steady State)
2
DFSS $(S_{0}^{*}, I_{1,0}^{*}, R_{0}^{*}, V_{0^{r}}(\tau), I_{2,0}^{*})$ DFSS
$I_{1,0}^{*}=I_{2,0}^{*}=0$ , $S_{0}^{*}=1-p$ , $R_{C}^{*}=p\theta$ , $V_{0}^{r}(\tau)=\mu p(1-\theta)e^{-\mu\tau},$ $\tau\geq 0$ (3.1)
ESS $(S^{*}, I_{1}^{*}, R^{*}, V^{*}(\tau), I_{2}^{*})$ $L(\tau):=$
$\int_{0}^{\tau}k(\sigma)d\sigma$ ESS DFSS $S^{*},$ $I_{1}^{*},$ $I_{2}^{*}$
$\lambda^{*}=\beta_{1}I_{1}^{*}+\beta_{2}I_{2}^{*}>0$ $V^{*}(\tau)$ $(2.lb),(2.lc),(2.lg)$ $0$
$S^{*}= \frac{\mu(1-p)}{\mu+\lambda^{*}}$ , $I_{1}^{*}= \frac{\lambda^{*}S^{*}}{\gamma_{1}+\mu}$ , $I_{2}^{*}= \frac{(1-w)\lambda^{*}\langle k,V^{*}\rangle}{\gamma_{2}+\mu}$ . (3.2a)
$V^{*}(\tau)=(\mu p(1-\theta)+w\lambda^{*}\langle k, V^{*}\rangle)e^{-\mu\tau-\lambda L(\tau)}$





$1= \frac{\beta_{1}\mu(1-p)}{(\gamma_{1}+\mu)(\mu+\lambda^{*})}+\frac{\beta_{2}(1-w)\mu p(1-\theta)\int_{0}^{\infty}k(\tau)e^{-\mu\tau-\lambda L(\tau)}d\tau}{(\gamma_{2}+\mu)(1-w\lambda^{*}\int_{0}^{\infty}k(\tau)e^{-\mu\tau-\lambda L(\tau)}d\tau)}=:F(\lambda^{*})$ (3.3)
$\lambda^{*}$ (3.2) (3.3) $\lambda^{*}$
ESS ESS 5 6
4 (DFSS)
4.1 (DFSS)
DFSS (local asymptotic stability)
DFSS “ ”










$\mathcal{R}_{e}$ (effective reproduction number) [7]. ( $\mathcal{R}_{e}$
(3.3) $F(\lambda^{*})$ $\lambda^{*}=0$ ) $(p=0)$
$\mathcal{R}_{e}|_{p=0}=\frac{\beta_{1}}{\gamma_{1}+\mu}=:\mathcal{R}0$ (basic reproduction number)
$\mathcal{R}_{e}$
$F$ 1 “ ”
2 $\uparrow 1$ . $\mathcal{R}_{e}=1$





($0\leq p^{*}\leq 1$ $p^{*}$ )
$p^{*}<p\leq 1$
subclinical infection (
) $\theta=1$ $\dagger 2$ . $\mathcal{R}_{e}=R_{1,e}$
$p_{0}^{*}$ $p_{0}^{*}$
$1= \mathcal{R}_{1,e}=\frac{\beta_{1}(1-p_{0}^{*})}{\gamma_{1}+\mu}$ $\Leftrightarrow$ $p_{0}^{*}=1- \frac{1}{\mathcal{R}_{0}}$




100% ( $p=1$ ) $\mathcal{R}_{e}>1$ ( $p^{*}$
$0\leq p^{*}\leq 1$ )
Mossong et al. [9]
$\dagger 1$
$\mathcal{R}_{e}$ (next-generation matrix)
Diekmann and Heesterbeek [1], Diekmann et al. [2], [7], Thieme [12]
$\dagger 2$ SIR $\hat$
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4.2 (DFSS)
DFSS (global asymptotic stability) DFSS
$\square$
(global atractivity)
















5.1 (ESS) : 1
(3.3) $F(\lambda^{*})$ $F(O)=\mathcal{R}_{e},$ $F(\infty)=0$ $F(\lambda^{*})$ $\lambda^{*}$
$\mathcal{R}_{e}$ 1 $F(\lambda^{*})=1$ $\lambda^{*}>0$ 1 $\lambda^{*}$
(32) (ESS)
3 $\mathcal{R}_{e}>1$ ESS 1
5.2 (ESS) : 1
$p^{*}$ $\mathcal{R}_{e}$
1 ( DFSS ) (ESS)
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$\mathcal{R}_{e}=1$ ( : backward/subcritical
bifurcation) $\mathcal{R}_{e}<1$ ESS
$F(O)=\mathcal{R}_{e}=1$ ( $p=p^{*}$ ). $F’(O)$
$F$ (oo) $=0$ $\mathcal{R}_{e}<1$ ESS
4 (2.1) $F(0)=\mathcal{R}_{e}=1$ ( $p=p^{*}$ ) (3.3) $0$
$F’(0)$ $\mathcal{R}_{e}<1$ ESS
$F’(O)$ $F’(0)$
$F’(0)=- \frac{\beta_{1}(1-p)}{(\gamma_{1}+\mu)\mu}+\frac{\beta_{2}(1-w)\mu p(1-\theta)}{\gamma_{2}+\mu}(-\int_{0}^{\infty}k(\tau)L(\tau)e^{-\mu\cdot r}d\tau+w(\int_{0}^{\infty}k(\tau)e^{-\mu\tau}d\tau)^{2})$
$F’(O)$
$G:=- \int_{0}^{\infty}k(\tau)L(\tau)e^{-\mu\tau}d\tau+w(\int_{0}^{\infty}k(\tau)e^{-\mu\tau}d\tau)^{2}$
$F’(0)>0$ 2 $k(\tau)$ $G$
$k(\tau)=a\tau+b$ $w\leq 1$
$G= \frac{1}{\mu^{4}}((w-3)a^{2}+(2w-3)\mu ab+(w-1)\mu^{2}b^{2})$ $<0$ .
$k(\tau)=a\tau+b$ $G<0$
$0<k_{0}<k_{1},0<\tau_{1}$ $k(\tau)$







$\mu=1/75,$ $\gamma_{1}=52,$ $\gamma_{2}=104,$ $\theta=0.75,$ $w=0.95,$ $\beta_{1}=\beta_{2}=100,$ $k_{0}=60,$ $k_{1}=85,$ $\tau_{1}=40$
$p^{*}$ 0.900 $\mathcal{R}_{e}=1$ $F’(O)>0$ 4
$\mathcal{R}_{e}<1$ ESS






Inaba and Sekine [8]
$\mathcal{R}_{e}$
$\lambda^{*}$ (3.3) $0$ $F’(O)$
$\lambda^{*}$ $\mathcal{R}_{e}$
$\lambda^{*}$


















subclinical infeciton Boosting $w$
$\tau$ $w(\tau)$ 1
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